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Abstract
The study of the intersection multiplicity function χOX(F ,G) over a regular scheme X for a pair of co-
herentOX-modules F and G is the main focus of this paper. We mostly concentrate on projective schemes,
vector bundles over projective schemes, regular local rings and their blow-ups at the closed point. We prove
that (a) vanishing holds in all the above cases, (b) positivity holds over Proj of a graded ring finitely gener-
ated over its 0th component which is artinian local, when one of F and G has a finite resolution by direct
sum of copies ofO(t) for various t , and (c) non-negativity holds over Pn
R
, R regular local, and over arbitrary
smooth projective varieties if their tangent bundles are generated by global sections. We establish a local–
global relation for χ for a pair of modules over a regular local ring via χ of their corresponding tangent
cones and χ of their corresponding blow-ups. A new proof of vanishing and a special case of positivity for
Serre’s Conjecture are also derived via this approach. We also demonstrate that the study of non-negativity
is much more complicated over blow-ups, particularly in the mixed characteristics.
© 2007 Elsevier Inc. All rights reserved.
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Introduction
Let (R,m,K) be a regular local ring of dimension n, i.e., m is the maximal ideal of a reg-
ular local ring R and K = R/m. Let M and N be two finitely generated R-modules such
that (M ⊗R N) < ∞. Serre introduced the notion of χ(M,N) as ∑(−1)i(TorRi (M,N))
(“” stands for length) and conjectured that (i) χ(M,N)  0 and (ii) χ(M,N) = 0 if and only
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came up with a brilliant idea to prove part (i) of this conjecture. The key steps in his proof
are the following: (a) use de Jong’s Theorem on regular alteration to reduce χ(R/P,R/q) to
χOX′ (OY ′ ,OZ′) where X′ = PNR , Y ′, Z′ are closed subvarieties of X′ such that Z′ is regular and
support of TorOX′i (OY ′ ,OZ′) ⊂ PNK for i  0, (b) extend a spectral sequence argument of Serre to
reduce the problem to χ of intersection of a closed subscheme of the normal bundle correspond-
ing to the regular imbedding Z′ ↪→ X′ with the 0-section of this bundle, (c) use ramification
of R and module of differentials to show that the closed fiber E over s = [m] of this bundle is
generated by global sections (superb ingenious technique!) and (d) establish non-negativity of
intersection multiplicity on vector bundles over projective schemes generated by global sections.
We call this whole procedure “Gabber’s technique” and use several parts of this technique in
Sections 2 and 3. One of the main aims of this paper is to see how far we can push and extend
this technique to achieve substantial results on intersection multiplicity, as introduced by Serre,
not only for regular local rings but also for regular schemes as well. For a good exposition of
Gabber’s proof we refer the reader to [Ho2].
We define intersection multiplicity on a regular variety X over an excellent discrete val-
uation ring V or over a field k. Let F and G be two coherent OX-modules. Suppose that
(H i(X,TorOXj (F ,G))) < ∞ for i, j  0. We define
χOX(F ,G) =
∑
(−1)i+j (Hi(X,TorOXj (F ,G)))
(Grothendieck’s definition of hypercohomology, EGA III).
This definition was used by Fulton and MacPherson in [Fu-M] where they used Grothendieck’s
Riemann–Rock Theorem and diagonalization technique to prove vanishing over smooth projec-
tive varieties over algebraically closed fields (see part (a) of Theorem 3).
Theorem 2, Proposition 2.2, Theorems 3–5 are the main results of this paper. Theorem 1 and
one of its corollaries are used for proving Theorem 2. Several results from [Fu] are utilized in the
proofs of Proposition 2.2 and Theorem 5, respectively. Let me describe the main results of this
paper briefly.
In Section 1, first we state an extension of a theorem of Peskine and Szpiro [P-S2] and prove
the following.
Theorem 1. Let B =⊕i0 Bi , be a noetherian graded ring such that Bo is artinian local,
and let M and N be two finitely generated graded B-modules. Suppose that M has a finite
resolution of length s by graded free modules consisting of homomorphisms of degree 0. Write
Pχ(M,N) =∑si=0(−1)iPTorBi (M,N).
Then we have the following:
(a) Pχ(M,N)  0, the sign of equality holds if and only if dimM + dimN < dimB , and (b) if
dimM + dimN  dimB , then Pχ(M,N) is an essential polynomial of degree r = dimM +
dimN − dimB with leading co-efficient e(M)e(N)/r!e(B), where e(T ) denotes the Hilbert
multiplicity of any finitely generated graded module T .
As a corollary we derive:
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that Bo is artinian local and B is generated by finitely many elements of degree 1 as a Bo-
algebra. Let F ,G be two coherent OX-modules such that F = M˜ , G = N˜; M,N being two
finitely generated graded B-modules. Suppose that M has a finite free graded resolution over B .
Then χOX(F(t),G) is a polynomial function for all t ∈ Z such that
(i) χOX(F(t),G)  0 for t  0; the sign equality holds for all t if and only if dim SuppF +
dim SuppG < dimX, and
(ii) if dim SuppF + dim SuppG = dimX, then χOX(F(t),G) = e(M)e(N)/e(B) for all t . Here
e(M) (etc.) denotes Hilbert multiplicity of M .
This immediately leads to the following:
Corollary 2. Let k be a field and X = Pnk . Let F ,G be two OX-modules. Then χOX(F(t),G) is
a polynomial function for all t ∈ Z such that
(i) χOX(F(t),G)  0 for t  0, sign of equality holds for all t if and only if dim SuppF +
dim SuppG < dimX, and
(ii) if dim SuppF + dim SuppG = dimX, then χOX(F(t),G) = e(M)e(N) for all t ∈ Z;
M , N as in Corollary 1.
The above corollary can also be deduced via intersection product, Riemann–Roch Theorem
and diagonalization technique (see [Fu, Chapters 8, 18]).
We use Theorem 1 and Corollary 2 in our proof of the main theorem in Section 1.
To describe our main theorem in Section 1 we need the following set-up: R as above
and, let P , q be two prime ideals of R such that (R/(P + q)) < ∞. Write X = SpecR,
Y = Spec(R/P ), Z = Spec(R/q). Let π : X˜ → X be the blow-up of X at {m}, E the exceptional
divisor and η : E → {m} the induced map. Since R is regular local of dimension n, E = Pn−1K . Let
Y˜ , Z˜ denote the blow-ups of Y and Z respectively at {m}. Since (R/(P + q)) < ∞, Y˜ ∩ Z˜ ⊂ E .
Hence (H i(X˜,TorOX˜j (OY˜ ,OZ˜))) is finite for i, j  0. For any finitely generated R-module M ,
em(M) denotes the Hilbert–Samuel multiplicity of M , G(M) denotes the graded module corre-
sponding to the m-adic filtration on M , and for any pair M,N of such modules, Pχ(G(M),G(N))
denotes the alternating sum of Hilbert polynomials PTori (G(M),G(N))(t), for t  0, on the graded
ring G(R). Now we can state our next theorem.
Theorem 2. With the above set-up we have the following:
(i) if dimR/P + dimR/q = dimR, then
χ(R/P,R/q) = χOX˜ (O
Y˜
,O
Z˜
)+ Pχ(G(R/P ),G(R/q))
and
(ii) if dimR/P + dimR/q < dimR, then
χ(R/P,R/q) = χOX˜ (O
Y˜
,O
Z˜
).
As a corollary, first we deduce that in case (i), χ(R/P,R/q) = em(R/P )em(R/q) +
χOX˜ (O ˜ ,O ˜ ) and then we deduce, via Serre’s Theorem (see Brief History), that when RY Z
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Y˜
,O
Z˜
)  0. A completely different geometric proof of this non-
negativity is sketched in Remark 4 at the end of Section 3.2. This corollary has been mentioned
in Fulton’s book [Fu, Example 20.4.3]; a proof using local Chern characters and Riemann–Roch
Theorem was presented in [D5]. Here, our theorem connects local and global χ directly via the
tangent cone and the blow-up X˜ of the local ring without using any heavy machinery and it for-
mulates what happens in the vanishing part which is completely new. Thus this theorem provides
a new approach to Serre’s conjecture which we will exploit in Section 3.
In Section 2, we study χOX(F ,G) where X represents a projective scheme. Recall that in
order to prove non-negativity Gabber required the vector bundle E to be generated by global
sections. In this section we would like to understand the situation where E is not necessarily so.
We prove that vanishing holds even when E is not generated by global sections. This plays an
important role in proving vanishing over blow-ups. We have the following proposition.
Proposition 2.2. Let W be a projective scheme over a field and L be a locally free OW -module
of rank d . Let E = Spec(SymOW (L)) and let V be a closed subscheme E. Let β : W → E
denote the O-section; we identify W with β(W) when there is no scope of ambiguity. We have
the following:
(i) χOE (OV ,OW) =
∫
V¯
cd(ξV¯ )td(ξV¯ )
−1τ(V¯ ), where ξV¯ is the restriction of the universal quo-
tient bundle ξ on P(E ⊕ 1) to the projective closure V¯ of V ;
(ii) if dimV < d , then χOE (OV ,OW) = 0;
(iii) if V ∩W = φ, then χOE (OV ,OW) = 0; and
(iv) if dimV = d , then χOE (OV ,OW) =
∫
V¯
cd(ξV¯ )[V¯ ] =
∫
β∗([V ]).
Part (iv) of the above proposition along with Theorem 12.1(a) in [Fu] provide a new proof of
Gabber’s proposition on non-negativity over vector bundles generated by global sections.
We use the above proposition and Gabber’s technique to prove our next theorem. Part (a) of
this theorem can also be deduced by using intersection cycles, diagonalization and Riemann–
Roch Theorem [Fu-M].
Theorem 3. Let X be a smooth projective variety over a perfect field k. Let Y and Z be two
closed subvarieties of X such that dimY + dimZ  dimX. We have the following:
(a) If dimY + dimZ < dimX, then χOX(OY ,OZ) = 0.
(b) If TX is generated by global sections and dimY + dimZ = dimX, then χOX(OY ,OZ) 0.
Here TX is the tangent bundle on X.
In our follow-up remark we point out the existence of counter-examples to part (b) of the
above theorem when TX is not generated by global sections. This answers a question raised by
M. Hochster.
In our final theorem of this section we prove that both vanishing and non-negativity is valid
on PnR .
Theorem 4. Let Y and Z be two closed subschemes of P = PdR such that Y ∩Z ⊂ Pds = PdK . Then
(i) if dimY + dimZ < dimP, χOP(OY ,OZ) = 0 and
(ii) if dimY + dimZ = dimP, χOP(OY ,OZ) 0.
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vector-bundles. We prove the following:
Proposition. Let W be a smooth complete scheme over a field K and let ϕ˜ : E ′ → E be a
OW -map between two locally free OW -modules of ranks r ′ and r respectively. Write E′ =
Spec(SymOW (E ′)) and E = Spec(SymOW (E)) and ϕ : E → E′ denote the map of vector bun-
dles corresponding to ϕ˜. Let V be a closed subscheme of E′ such that the dimension of support
of TorOE′i (OV ,OE) < r for i > 0. Let F be a coherent OW -module. Then χOE′ (OV ,F) =
χOE (Oϕ−1(V ),F).
As a corollary we derive
Corollary. Let X be a smooth projective variety over a field K such that TX is generated by
global sections. Let W be a smooth closed subvariety of codimension r . Let I denote the ideal
of definition of W in X and let E be the corresponding normal cone. Let E′ be a vector bundle
on W and let V be a closed subvariety of E′. Suppose that there exists a map ϕ : E → E′ of
bundles such that the dimension of support of TorOE′i (OV ,OE) < r for i > 0. Then, for any
coherent sheaf F on W , χOE′ (OV ,F) = χOE (Oϕ−1(V ),F). Moreover, if dimϕ−1(V ) r , then
χOE′ (OV ,OW) 0.
In Section 3 we take up the issue of intersection multiplicity over X˜. Here we use several
results from Chapters 3, 6, 12, and 18 in [Fu]. To describe our next theorem we continue with
the set-up for Theorem 2. Assume that R is of essentially finite type over a field or an excellent
discrete valuation ring. Let X˜ denote blow-up of X at s = [m] and let Y˜ , Z˜ be two closed subva-
rieties of X˜ such that Y˜ ∩ Z˜ ⊂ E = Pn−1K (= the fiber over s) in X˜. Let Z′ be a regular alteration
of Z˜. Then Z′ has a closed immersion in PN
X˜
= X′ for some N > 0. Let π : X′ → X˜ be the pro-
jection map and write Y ′ = π−1(Y˜ ). Let I denote the sheaf of ideals defining Z′ in X′. Suppose
r = codim of Z′ in X′. Let E = Spec(SymOZ′ (I/I 2)) and V = Spec(
⊕
t0 I
tOY ′/I t+1OY ′).
Let E1, . . . ,Ed , V1, . . . , Ve, and W1, . . . ,Wd denote the components of Es (fiber over s), V and
Z′s respectively. Write Eαβ to denote the restriction of E to Wα ∩Wβ . Now we are ready to state
our final theorem.
Theorem 5. Let X˜, Y˜ , Z˜ etc. as above. Suppose that dim Y˜ + dim Z˜  dim X˜. We have the
following:
(i) if dim Y˜ + dim Z˜ < dim X˜ or Y˜ ∩ Z˜ = φ, χOX˜ (O
Y˜
,O
Z˜
) = 0.
(ii) Let Y˜ and Z˜ be blow-ups of Y and Z at their respective closed points. If dimG(R/P ) ⊗
G(R/q) 1, then χOX˜ (O
Y˜
,O
Z˜
) 0.
(iii) There exists sub-bundles Fαβ of rank (r − 1) of Eαβ , 1  α, β  d , such that if any Vi is
contained in any Fαβ , then χOE (OVi ,OZ′s ) 0.
As a corollary we derive a completely new proof of Serre-vanishing and a proof of a special
case of positivity, i.e., χ(M,N) em(M)em(N), if dimG(M)⊗G(N) 1.
Part (iii) of this theorem demonstrates that even if χ over blow-up is non-negative (Corol-
lary 2, Theorem 2), the possibility of having negative intersection multiplicity for certain com-
ponent of a subcone of the normal bundle originating from blow-up does exist.
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constructed as above, is not generated by global sections. Thus, Gabber’s technique cannot be
extended from the local case to blow-ups even when none of the subvarieties under consideration
is contained in the exceptional divisor.
Finally, in Remarks 3, we sketch a geometric proof, totally different from the proof outlined
in the corollary of Theorem 2, of the fact that when R is equicharacteristic χOX˜ (O
Y˜
,O
Z˜
)  0
whenever dimY + dimZ = dimX. This proof is inspired by ideas in Chapter 12 of [Fu].
Brief history
Serre proved his conjecture for equicharacteristic and unramified regular local rings [S1, The-
orem 1, Chapter V]. He also proved that over any regular local ring R, if M and N are two
finitely generated modules such that (M ⊗R N) < ∞, then dimM + dimN  dimR; moreover
if dimM + dimN = dimR, then χ(M,N) em(M)em(N).
The conjecture can be divided into three parts:
(a) vanishing: χ(M,N) = 0 when dimM + dimN < dimR,
(b) non-negativity: χ(M,N) 0, and
(c) positivity: χ(M,N) > 0 when dimM + dimN = dimR.
P. Roberts [R1], H. Gillet and C. Soulé [G-S] proved the vanishing part independently (in
mid-eighties). Their proofs extend to the local complete intersections when both M and N have
finite projective dimension. The hope of generalizing the validity of this conjecture to non-regular
rings when only one of the modules has finite projective dimension was dashed by a counterex-
ample due to Hochster, McLaughlin and this author [D-H-M] in the early eighties. This example
also led to counter-examples to several other multiplicity related conjectures. In the mid-nineties
Gabber [B] proved the non-negativity part of the conjecture. The positivity part of Serre’s con-
jecture has been open for almost fifty years. The fact that positivity or non-negativity implies
vanishing was proved in [D1] in the early eighties.
For notations and terminology in Commutative Algebra and Algebraic Geometry we refer the
reader to [Ma] and [H] respectively. For Chern class, local Chern character, intersection product
and related matters we refer the reader to [Fu]. By dimR (or dimX) we mean the dimension of R
(or dimension of X). While studying intersection multiplicity on a regular local ring (R,m,K)
we can assume without any loss of generality that K is algebraically closed and the modules M ,
N can be replaced by R/P , and R/q respectively where P and q are prime ideals in R. For any
coherent sheaf F on a scheme X, P(F) denotes the projective scheme Proj(SymOX(F)) and F∨
stands for HomOX(F ,OX).
1. In this section, first we will prove an extension of a theorem of Peskine and Szpiro [P-S2,
Theorem 2] and derive some corollaries in the geometric set-up.
1.1. Let B =⊕n0 Bn be a noetherian graded ring such that B0 is artinian local. Let PM
denote the Hilbert polynomial for a finitely generated graded B-module M and let e(M) denote
the Hilbert multiplicity of M . Recall that PM(n) =∑i<n B0(Mi) for n  0.
Let us state the following lemma due to Peskine and Szpiro [P-S2, Lemma].
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phisms of degree 0
T• : 0 →
ts⊕
j=1
B[−dsj ] → · · · →
t1⊕
j=1
B[−d1j ] →
t0⊕
j=0
B[−d0j ] → 0.
Then we have the following
∑
i0
(−1)iPHi(T•) =
∑
k0
(−1)k
k! ρkP
(k)
B
where ρk =∑i0(−1)i∑tij=1 dkij and P (k)B is the kth derivative of PB .
For a proof we refer the reader to [P-S2].
1.2. Now we state and prove an extension of Theorem 2 in [P-S2].
Theorem 1. Let B be as above and let M and N be two finitely generated graded B-modules.
Suppose that M has a finite resolution of length s by graded free modules consisting of homo-
morphisms of degree 0. Write Pχ(M,N) =∑si=0(−1)iPTorBi (M,N).
Then we have the following:
(a) Pχ(M,N)  0, the sign of equality holds if and only if dimM + dimN < dimB , and
(b) if dimM + dimN  dimB , then Pχ(M,N) is an essential polynomial of degree r = dimM +
dimN − dimB with leading co-efficient e(M)e(N)/e(B)r!, where e(T ) denotes the Hilbert
multiplicity of any finitely generated graded module T .
Proof. The arguments are essentially the same as in the proof of Theorem 2 in [P-S2]. Hence
we leave this as an exercise to the reader. 
This theorem leads to the following corollaries.
Corollary 1. Let X = ProjB , with B as in the theorem. Suppose that B is generated by B1 as a
B0-algebra. Let F and G be two coherent OX˜-module such that F = M˜ and G = N˜ where M
and N are two finitely generated graded B-modules. Suppose that M has a finite graded free
resolution of length s (as in Theorem 1).
Let χOX(F(t),G) = ∑(−1)i+j lengthHi(X,TorOXj (F(t),G)). Then χOX(F(t),G) is a
polynomial function, i.e. ∃ a polynomial P ∈ Q[T ] s.t. χOX(F(t),G) = P(t), ∀t ∈ Z (Hilbert
Polynomial, EGA III, 2.5; §80, [S2]) such that
(i) for t  0, χOX(F(t),G) 0, the sign of equality holds for all t if and only if dim SuppF +
dim SuppG < dimX,
(ii) if dim SuppF + dim SuppG = dimX, χOX(F(t),G) = e(M)e(N)/e(B) for every t .
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χOX(F(t),G) is a polynomial function follows from Theorem 2.5.3, EGA III. Taking G = N˜ ,
where N = B/P (= B¯), it is easy to see that
χOX
(F(t),G)= Pχ(M,N)(t) = Pχ(M,N)(t + 1)− Pχ(M,N)(t).
Hence the result follows from the above theorem. 
Corollary 2. Let K be a field and let X = PnK . Let F , G be two coherent OX-modules. We have
the following:
(i) χOX(F(t),G)  0 for t  0, sign of equality holds for all t if and only if dim SuppF +
dim SuppG < dimX and
(ii) if dim SuppF + dim SuppG = dimX, then χOX(F(t),G) = e(M)e(N) for all t ∈ Z
(M , N as in Corollary 1).
Proof follows immediately from Corollary 1 and the fact that e(B) = 1, since B is a polyno-
mial ring over K .
The above lemma, Theorem 1 and Corollary 2 are used in the proof of our next theorem.
1.3. Let (R,m) be a local ring and let M , N be two filtered R-modules with m-good filtra-
tions (i.e., if (Mn) is an m-adic filtration of M , then ∃n0 > 0 s.t. mhMn = Mn+h,∀n n0 and any
h > 0; similarly for N ). We say f : M → N a filtered map if f is R-linear and f (Mn) ⊂ Nn and
f is strict if f (Mn) = f (M) ∩ Nn. Let G(M) denote the corresponding graded module for M ,
i.e. G(M) =⊕n0 Mn/Mn+1. It is easy to check that if
M
f−→ N g−→ P
is exact and f and g are strict, then
G(M)
G(f )−−−→ G(N) G(g)−−−→ G(P )
is also exact.
Let R be given m-adic filtration by {mn}, i.e., R = R0 ⊃ R1 ⊃ · · · ⊃ Rn ⊃ · · · , where
Rn = mn. Denote by R(i) the filtered R-module defined by R(i)n = Rn−i , ∀n (here Rj = R if
j  0). It is easy to see that R(i) is a filtered free R-module of rank 1. Moreover, if f : F → M
is a strict surjective map of filtered modules and F =⊕si=1 R(−ti ), then Fr → Mr is onto for
r  max{ti | 1  i  s}. Now assume R is regular. Then given any finitely generated filtered
module M , one can find a filtered free resolution F• of M
F• : 0 → Fs → Fs−1 → ·· · → F1 → F0 → 0
where each Fi is a finite direct sum of filtered free modules of the type R(i) as defined above
and the maps are strict. One can easily check that this resolution is nothing but a lift of a minimal
free graded resolution of G(M) over G(R). Since R is regular local, G(R) is a polynomial ring
in n variables when n = dimR. Note that such a filtered free resolution need not be minimal.
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filtration imposed by (M ⊗R N)n =∑i+j=n Im(Mi ⊗Nj).
Now we are ready to state and prove our next proposition.
Proposition. Let R be regular local and let M and N be two finitely generated R-modules such
(M ⊗R N) < ∞. We have the following:
(a) if dimM +dimN = dimR, then χ(M,N) = c+Pχ(G(M),G(N)), where the integer c is asso-
ciated to Serre’s spectral sequence arising from F• ⊗ N , F• being a filtered free resolution
of M (here we assign filtrations Mn = mnM on M and Nn = mnN on N ) as described
above, and
(b) if dimM + dimN < dimR, then χ(M,N) = c.
Proof. Let us endow M(N) with filtration {Mn = mnM}({Nn = mnN}). Write C• = F• ⊗ N ,
where F• is a filtered free resolution of M as described above. Then C• is a finite filtered
complex. Let us denote by Er , 0  r  ∞, the spectral sequence associated to C• (corre-
sponding to the product filtration on each component Fi ⊗ N of C•). It is easy to see that
Ei1 = TorG(R)i (G(M),G(N)) and Ei∞ is the associated graded module of TorRi (M,N) (inherited
from the m-good filtration of the above complex). Serre has shown that this spectral sequence
{Er} is convergent [S1, Théorème, Chapter II, p. 22; Chapter IV, §3].
Since dimG(M) + dimG(N) = dimM + dimN  dimR = dimG(R), by Theorem 1, we
obtain
Pχ(G(M),G(N)) =
{
em(M)em(N)/em(R) = em(M)em(N), if dimM + dimN = dimR,
0, otherwise
(R being regular local, em(R) = 1).
Since Pχ(G(M),G(N)) is constant, there exists a positive integer n0 such that for t  n0,
Pχ(G(M),G(N))(t) is constant. Let p be an integer greater than n0. Denote by (C•)i the ith
filtration of C•. Write C˜• = C•/(C•)p+1. Then C˜• is a filtered complex of modules of finite
length such that Ei1,j of C˜• is the same as E
i
1,j of C• for j  p. Since (Hi(C˜•)) < ∞ and
(Ei1(C˜•)) < ∞ for 1 i  s, we have
s∑
i=0
(−1)i(Hi(C˜•))=
s∑
i=0
(−1)i(Ei1)=
s∑
i=0
(−1)iPTorG(R)i (G(M),G(N))
= Pχ(G(M),G(N)) =
{
em(M)em(N), if dimM + dimN = dimR,
0 if dimM + dimN < dimR
by Theorem 1.
Now, let us consider the exact sequence
O→ (C•)p+1 → C• → C˜• → 0.
From the long exact sequence of homologies, we obtain
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∑
(−1)i(Hi(C•))=∑(−1)i(Hi((C•)p+1))+∑(−1)i(Hi((C˜•)))
= c + Pχ(G(M),C(N))
where c =∑(−1)i(Hi((C•)p+1)). Hence the theorem is proved.
Corollary. With hypothesis as in case (a), we have χ(M,N) = c + em(M)em(N).
1.4. Let (R,m,K) denote a regular local ring of dimension n, essentially of finite type over a
field or a discrete valuation ring V . Let P and q be two prime ideals such that (R/(P +q)) < ∞.
Write X = SpecR, Y = Spec(R/P ), Z = Spec(R/q). Let π : X˜ → X be the blow-up of X
at {m}, E the exceptional divisor and η : E → {m} the induced map. Since R is a regular local
ring of dimn, E = Pn−1K , K = R/m. Let Y˜ , Z˜ denote the blow-ups of Y and Z respectively
at {m}. Since (R/(P + q)) < ∞, Y˜ ∩ Z˜ ⊂ E . Hence (H i(X˜,TorOX˜j (OY˜ ,OZ˜))) is finite. Let
Z¯ = E ∩ Z˜ and Y¯ = E ∩ Y˜ .
Let χOX˜ (O
Y˜
,O
Z˜
) =∑(−1)i+j (H i(TorOX˜j (OY˜ ,OZ˜))). Now we are ready to state our next
theorem.
Theorem 2. Let R, P , q , etc. as above. We have the following:
(i) if dimR/P + dimR/q = dimR, then
χ(R/P,R/q) = Pχ(G(M),G(N)) + χOX˜ (OY˜ ,OZ˜)
and
(ii) if dimR/P + dimR/q < dimR, then
χ(R/P,R/q) = χOX˜ (O
Y˜
,O
Z˜
).
Proof. We have, by the previous theorem,
χ(R/P,R/q) = c + em(R/P )em(R/q).
We need to show that c = χOX˜ (O
Y˜
,O
X˜
). Then the previous theorem will establish the required
result.
Since (R/(P + q)) < ∞, for t  0, mt TorOX˜i (OY˜ ,OZ˜) = 0 for i  0. Hence these Tor
modules can be viewed as coherent sheaves on X˜ ×SpecR Spec(R/mt ).
Consider the exact sequence
o →O
X˜
(1) →O
X˜
→OP → 0, P = Pn−1K .
For any t ∈ Z, we obtain
0 →O
Z˜
(t) →O
Z˜
(t − 1) →OZ¯(t − 1) → 0.
By Corollary 2, Theorem 1, we obtain χOX˜ (O
Y˜
,O
Z˜
(t)) = χOX˜ (O
Y˜
,O
Z˜
(t − 1)). Hence
χOX˜ (O ˜ ,O ˜ (t)) is a constant for t ∈ Z.Y Z
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O
X˜
-modules such that Hi(π∗(F•)) = ˜TorRi (R/P,S), i  0; here S =
⊕
r0 m
r
. Note that
H0(π∗(F•))  S˜/PS.
Let T denote the finitely generated graded S-module
⊕
r0 Tor1(R/P,R/mr). By Artin–
Rees Lemma, there exists h > 0 such that mhT = 0 and mh TorRi (R/P,S) = 0 for i > 0. Hence
T and TorRi (R/P,S), for i > 0, has a filtration whose successive quotients are finitely gener-
ated Gm(R) module. Note that, for i  0, (TorRi (R/P,R/mr)) is an essentially polynomial
function—denote it by fi(r). Hence, by the above observation, lemma, Theorem 1 and Corol-
lary 2, we have, for i > 0.
χ
(⊕
r0
˜TorRi
(
R/P,R/mr
)
,O
Z˜
(t)
)
= em(R/q)Δs
(
fi(t)
)+ lower degree terms in t,
s = dimR − dimR/q = dimR/P. (1)
Let G• denote the complex π∗(F•) ⊗ OZ˜(t). Tensoring a finite resolution of OZ˜(t) by lo-
cally free O
X˜
-modules with π∗(F•), we obtain a spectral sequence whose E2p,q terms are
TorOX˜p ( ˜Torq(R/P,S),OZ˜(t)); this spectral sequence converges to Hp+q(G•). Hence
∑
(−1)i+j (Hi(X˜,Hj (G•)))=∑
i0
(−1)iχOX˜( ˜Tori (R/P,S),OZ˜(t)). (2)
Since π is proper, the left-hand side of the above equation equals
χ
(
R/P,
(
mt + q)/q)= χ(R/P, R/q). (3)
Now consider the exact sequence
0 → T˜ → S˜/PS →O
Y˜
→ 0
we have
χOX˜
(
S˜/PS,O
Z˜
(t)
)− χOX˜(T˜ ,O
Z˜
(t)
)= χOX˜(O
Y˜
,O
Z˜
(t)
)
. (4)
Since
χ
(
R/P, R/mr
)= 0, χ1(R/P,R/mr)= (R/(P +mr)). (5)
Hence
χOX˜
(
T˜ ,O
Z˜
(t)
)+∑
i1
(−1)iχOX˜( ˜Tori (R/P,S),OZ˜(t))
= em(R/P )em(R/q)
(
by (1) and (5)). (6)
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χOX˜
(O
Y˜
,O
Z˜
(t)
)= χR(R/P,R/q)− em(R/P )em(R/q) = c. 
Corollary 1. With hypothesis as in case (i), we have χ(R/P,R/q) = em(R/P )em(R/q) +
χOX˜ (O
Y˜
,O
Z˜
).
Corollary 2. R equicharacteristic regular local ring. Then χOX˜ (O
Y˜
,O
Z˜
) 0.
The proof follows from Serre’s Theorem (mentioned in the introduction) and the above result.
2.
2.1. First we would like to state a proposition from Gabber’s work which plays an important
role in his proof of non-negativity.
Proposition. Let W be a complete scheme over a field. Let L be a local freeOW -module of rank r
such that L∨ = HomOW (L,OW) is generated by global sections. Write E = Spec(SymOW (L)).
Let V be a closed subscheme of E such that dimV  r . Let β : W → E be the zero-section and
we identify β(W) with W . Then χOE (OW,OV ) 0.
For a proof, we refer the reader to Proposition 6.1.6 in [B] or Step 5 in [Ho2].
We will use this proposition several times in our work. Our next proposition shows that for
vanishing we do not need E to be generated by global sections.
2.2.
Proposition. Let W be a projective scheme over a field and let L be a locally free OW -
module of rank d . Let E = Spec(SymOW (L)) and let V be a closed subscheme of E. Let
β : W → E be the 0-section; we identify W with β(W) when there is no scope of ambiguity.
We have the following:
(i) χOE (OV ,OW) =
∫
V¯
cd(ξV¯ )t d(ξV¯ )
−1 ∩ τ(V¯ ), where ξV¯ is the restriction of the universal
quotient bundle ξ on P(E ⊕ 1) to the projective closure V¯ of V ;
(ii) if dimV < d , then χOE (OV ,OW) = 0;
(iii) if V ∩W = φ, then χOE (OV ,OW) = 0; and
(iv) if dimV = d , then χOE (OV ,OW) =
∫
V¯
cd(ξV¯ )∩ [V¯ ] =
∫
β∗([V ]).
Proof. Let P = P(L); Q = P(L ⊕ OW)—the projective closure of E. Then E ∩ P = φ. Let
V¯ = closure of V in Q.
We have the following commutative diagram:
P
i
p
Q
q
E
j
π
W
β (1)
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0 →OQ(−1) → q∗
((L∨)⊕OW )→ ξ → 0 (2)
where ξ is a locally free OQ module of rank d . The composite q∗(1) ↪→ q∗((L∨) ⊕OW) → ξ
gives a regular section t of ξ which vanishes exactly on the zero-section β(W). Write f = j ◦β .
We have a free OQ resolution of f∗OW by exterior powers of ξ (Koszul resolution) as follows:
0 →
d∧
ξ∨ →
d−1∧
ξ∨ → · · · → ξ∨ t∨−→OQ → 0. (3)
This is the Koszul complex determined by the regular section t .
Let us denote the pull back of ξ over V¯ by ξV¯ . By tensoring (3) with OV¯ , we obtain the
following sequence
0 →
d∧
ξ ∨¯
V
→
d−1∧
ξ ∨¯
V
→ ·· · → ξ ∨¯
V
→OV¯ → 0. (4)
The homologies of (4) are TorOQi (OV¯ ,OW). By considering a resolution of OV¯ by lo-
cally free OQ-modules it is easy to see that TorOQi (OV¯ ,OW)  TorOEi (OV ,OW) and hence
χOQ(OV¯ ,OW) = χOE (OV ,OW). ξV¯ is locally free sheaf of rank d over V¯ and V¯ is a complete
scheme of dimension  d . By Example (18.3.7) in [Fu] we have the following:
∑
(−1)i+j dimK Hi
(
Q,TorOQj (OV¯ ,OW)
)
=
∑
(−1)i+j dimK Hi
(
V¯ ,
j∧
ξ ∨¯
V
)
=
∑
(−1)jχ
(
V¯ ,
j∧
ξ ∨¯
V
)
=
∫
V¯
ch
(∑
(−1)j
j∧
ξ ∨¯
V
)
∩ τ(V¯ ) ([Fu, Riemann–Roch Theorem, 18.3])
=
∫
V¯
cd(ξV¯ )td(ξV¯ )
−1 ∩ τ(V¯ ) ([Fu, Example 3.2.5]). (5)
If dim V¯ < d = rank of ξ , then ∫
V¯
cd(ξV¯ ) = 0. Thus the vanishing holds. Moreover, if
V¯ ∩ W = φ, then ξV¯ has a no-where vanishing section on V¯ and hence
∫
V¯
cd(ξV¯ ) = 0. Thus
χOE (OW,OV ) = 0. If dimV = d , then τ(V¯ ) and V¯ agree in dimension d and the first equality
of (iv) is immediate; the second one follows from Proposition (3.3) in [Fu] (for statement of this
proposition see Proposition 1 in Section 3). 
Remark 1. Part (iv) of this proposition along with Theorem 12.1(a) in [Fu] offer another proof of
Gabber’s result on non-negativity of intersection multiplicity of χOE (OV ,OW) when dimV 
rankE and E is generated by global sections.
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is a complete closed subscheme of E. It also works in the mixed characteristics provided V is
proper over a field k.
The above proposition is used in the proofs of part (a) of the following theorem and part (i) of
Theorem 5.
Theorem 3. Let X be a smooth projective variety over a perfect field K . Let Y and Z be two
closed subvarieties of X such that dimY + dimZ  dimX. Then we have the following
(a) if dimY + dimZ < dimX, then χOX(OY ,OZ) = 0,
(b) if TX is generated by global sections and dimY + dimZ = dimX, then χOX(OY ,OZ) 0.
Here TX is the tangent bundle on X.
Proof. Let Z′ → Z be a regular alternation [J, Theorem 4.1]. You may assume that Z′ ↪→
Proj(OZ[T1, . . . , TN+1]). Write X′ = Proj(OX[T1, . . . , TN+1]). Then we have the following
commutative diagram
Z′ X′
η
Z X.
Since X′ is smooth (X being so) and Z′ is smooth (K is perfect), Z′ ↪→ X′ is a regular
imbedding of codimension d say, i.e., Z′ = V (I) where I ⊂ OX′ is a locally complete inter-
section sheaf of ideals of height d (I is locally generated by a regular sequence of length d).
Let Y ′ = η−1(Y ). Since X′  X is flat of relative dimension N , dimY ′ = dimY + N . Since
dimZ′ = dimZ, dimY ′ + dimZ′  dimX′ and dimY ′ + dimZ′ < dimX′ if and only if
dimY + dimZ < dimX. Since η is proper, by pulling back a free OX-resolution of OY over
X via η, we obtain, by projection formula,
χOX′ (OY ′ ,OZ′) = χOX(OY , η∗OZ′)+
∑
i1
(−1)iχOX(OY ,Riη∗OZ′). (1)
Since dim support of Riη∗OZ′ < dimZ and since η∗OZ has a filtration by a finite number of
copies of OZ and OZi where dimOZi < dimOZ , by inducting on dimZ, it is enough to prove
our theorem for Y ′, Z′ in X′.
Now we use the sheafification of Serre’s spectral sequence on regular sequences as demon-
strated by Gabber [B].
Let E = Spec(OX′/I ⊕ I/I2 ⊕ · · ·). Then E is a vector bundle of rank d over Z′. Write
Z′ = W and let β : W → E be the zero-section. Let V = Spec(OY ′/IOY ′ ⊕ IOY ′/I2OY ′ ⊕ · · ·).
Then dimE = dimZ′ + d = dimX′, dimV = dimY ′. By a spectral sequence argument due to
Serre and its extension to schemes due to Gabber, we derive that
χOX′
(O′Y ,O′Z)= χOE (OV ,OW). (2)
If dimY + dimZ < dimX, then dimV < d and part (a) follows from the above proposition.
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sections, TX′ is also generated global by sections.
Next we appeal to Proposition 2.1. By this, it will be enough to show that (I/I2)∨ is generated
by global sections. Recall that W = Z′ is smooth and hence ΩOW/K is a locally freeOW -module.
Then we have following exact sequence
0 → I/I2 → ΩOX′/K ⊗OX′ OW → ΩOW/K → 0 (3)
which is locally split since W is smooth over K . Applying Hom(−,OW) we obtain our required
exact sequence
0 → TW/K → i∗TX′/K →
(I/I2)∨ → 0 (4)
where i : W ↪→ X′ the natural inclusion. Thus (I/I2)∨ is generated by global sections. This
completes the proof of our theorem. 
Remarks.
(1) The same proof works if one assumes X is smooth and at least one of Y and Z is projective
over K .
(2) M. Hochster inquired whether there exists examples showing that part (b) of the above the-
orem is false when TX is not generated by global sections. We produced such examples on
blow-ups of a regular variety at a closed point where supports of both coherent modules are
contained in the exceptional divisor. The referee informed us that examples of negative in-
tersection multiplicities on blow-ups of a point in P2 have been known for many years. So
we refrain from providing any detail about our examples.
2.4. Next we prove the following non-negativity on PdR = P.
Theorem 4. Let Y and Z be two closed subschemes of P such that Y ∩Z ⊂ Pds = PdK . Then
(i) if dimY + dimZ < dimP, χOP(OY ,OZ) = 0, and
(ii) if dimY + dimZ = dimP, χOP(OY ,OZ) 0.
Proof. The proof is obtained by tracing Gabber’s path.
Step 1. By using De Jong’s theorem on alteration we construct Z′,X′, where Z′ is a regular alter-
ation of Z, X′ = PdR ×PNR , Z′ is a closed subscheme of X′ and π : X′ → P is the projection map.
Let Y ′ = π−1(Y ). Then, by Grothendieck’s theorem on hypercohomology (EGA III), properness
of π and induction on dimension, we have χOX′ (OY ′ ,OZ′) 0 according as χOP(OY ,OZ) 0.
Step 2. Since Z′ is regular, it is a local complete intersection closed subscheme of X′. Let
I denote the ideal of definition of Z′ in X′ and let E′ denote the corresponding normal
bundle. Due to a spectral sequence argument of Serre, if V ′ = Spec(⊕t0 I tOY ′/I t+1OY ′),
then χOX′ (OY ′ ,OZ′) = χOE′ (OV ′ ,OZ′). Since mhOV ′ = 0 for some h > 0, the sign of
χOE′ (OV ′ ,OZ′) is determined by χOE (F ,OW), where E is the fiber E′s of E′ over s = [m]
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mh−1OV ′ ⊃ (0).
Step 3. Let X1 = Spec(R/m2), X = SpecR and X′1 = X1 ×X X′. Assume R is equicharacter-
istic or ramified. Can write R/m2 = K[T1, . . . , Tn]/(T1, . . . , Tn)2 (in the mixed characteristic
case, the mixed characteristic p ∈ m2). We have the following claim:
Claim. I/(I 2 +mI) d−→ ΩX′1/K ⊗OW splits locally.
Proof of the Claim. Let m = (x1, . . . , xd) and A = R[ x2x1 , . . . , xnx1 ]—the co-ordinate ring of U1
in PdR . Let Z˜ ∩ U1 = Spec(A/q˜). Let V1 = SpecA[U1, . . . ,UN ] be an affine open set contained
in π−1(U1) and let I denote the ideal of definition of π−1(Z˜) in OV1 . We have an injection
A/q˜ ↪→ A[U ]/I . By shrinking U1, V1, if necessary, we can assume I is generated by a regular
sequence which actually forms a regular system of parameters at the stalk of a closed point in
the closed fiber Z′s over s. Write B = A[U ]/m2, and C = A[U ]/(I +mA[U ]), then SpecB and
SpecC are the corresponding affine open sets in X′1 and Z′s . Let N denote the maximal ideal in
A[U ] corresponding to the closed point mentioned above.
The natural map, induced by d ,
I/I 2 → ΩB/K ⊗C
is such that
I/I 2 ⊗A[U ]/N → (ΩB/K ⊗C)⊗C/N,
i.e.,
I/I 2 ⊗K → ΩB/K ⊗K
is an injection, since it factors through N/N2  ΩB/K ⊗ B/N . This completes the proof of our
claim.
We have ΩX′1/K  η∗1(ΩPdX1/K )⊕ η
∗
2ΩPNK
, where η1 and η2 are the projections from X′1 to PdX1
and PNK respectively and ΩPdX1/K
= q∗1 (ΩX1/K )⊕q∗2 (ΩPdK ), where q1, q2 are the projections from
PdX1 to X1 and P
d
K respectively.
This shows that HomOX′ (ΩX′1/K ,OX′s ) is generated by global sections. Note that X′s = X′1s =
PdK × PNK is smooth over K ; ΩX′s/K is a locally free OX′s -module and its dual is generated by
global sections.
We have a locally split short exact sequence:
0 → mOX′1
d−→ ΩX′1/K ⊗OX′s → ΩOX′s/K → 0. (1)
It is easy to check, via d and local considerations, that mOX′1 is a locally free OX′s -module and
so is ΩX′1/K ⊗OX′s .
Consider the exact sequenceOX′s →OW → 0. It follows, from above, thatHom(ΩX′1/K ,OX′s )→ Hom(ΩX′ ,OW) is surjective. Thus Hom(ΩX′ ,OW) is generated by global sections.1/K 1/K
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ated by global sections—and we are done by Proposition 2.1.
Step 4. The unramified case follows from the ramified case via the base change R →
R[T ]/(p − T 2). 
2.6. Now we would like to determine the effect on intersection multiplicity via pull-back of
vector-bundles.
Proposition. Let W be a smooth complete scheme over a field K and let ϕ˜ : E ′ → E be a
OW -map between two locally free OW -modules of ranks r ′ and r respectively. Write E′ =
Spec(SymOW (E ′)) and E = Spec(SymOW (E)) and ϕ : E → E′ denote the map of vector bun-
dles corresponding to ϕ˜. Let V be a closed subscheme of E′ such that the dimension of support
of TorOE′i (OV ,OE) < r for i > 0. Let F be a coherent OW -module. Then χOE′ (OV ,F) =
χOE (Oϕ−1(V ),F).
Proof. Since E′ is regular, we obtain a resolution ξ• ofOV by locally freeOE′ -modules of finite
rank:
ξ• : 0 → ξb → ξb−1 → ·· · → ξ1 → ξ0 → 0. (1)
We pull back ξ• via ϕ and obtain a complex of locally free OE-modules of finite rank
ϕ∗(ξ•) : 0 → ϕ∗(ξb) → ϕ∗(ξb−1) → ·· · → ϕ∗(ξ1) → ϕ∗(ξ0) → 0. (2)
Note that H0(ϕ∗(ξ•)) = ϕ∗(OV ) and Hi(ϕ∗(ξ•)) = TorOE′i (OV ,OE). Let us denote ϕ∗(ξ•)⊗F
by G•
G• : 0 → ϕ∗(ξb)⊗OE F → ·· · → ϕ∗(ξ0)⊗OE F → 0. (3)
By taking a finite resolution of F over E by locally free OE-modules and then tensoring it with
(2) we obtain a spectral sequence whose E2p,q term is TorOEp (F ,TorOE′q (OV ,OE)); this spectral
sequence converges to Hp+q(G•). Hence
∑
(−1)i+j dimK Hi
(
E,Hj (G•)
)=∑(−1)iχOE (F ,TorOE′i (OV ,OE)).
For j > 0, dim Supp TorOE′j (OV ,OE) is less than r and hence by Proposition 2.2,
χOE (F ,TorOE′j (OV ,OE)) = 0 for j > 0. Thus
∑
(−1)i+j dimK Hi
(
E,Hj (G•)
)= χOE (F , ϕ∗(OV )). (4)
On the other hand, since ϕ : E → E′ is affine, Riϕ∗(G) = 0 for any quasi-coherent OE-
module G. Thus if I • is an injective resolution of any quasi-coherent OE-module G, then ϕ∗(I •)
is a flabby resolution of ϕ∗(G). Moreover, we know that for any locally free OE′ -module L and
for any OE-module G, Riϕ∗(G) ⊗ L  Riϕ∗(G ⊗ ϕ∗(L)). In particular H 0(E′, ϕ∗(G) ⊗ L) 
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ation and tensoring (2) with an injective resolution of F or taking a Cartan–Eilenberg injec-
tive resolution of (3), we obtain (Proposition 11.5.3, Chapter 0, EGA III and Lemma (5.5.2)
in [Gr1])
∑
(−1)i+j dimK Hi
(
E,Hj (G•)
)= χOE′ (F ,OV ). (5)
From (4) and (5) the required result follows. 
Corollary. Let X be a smooth projective variety over a field K such that TX is generated by
global sections. Let W be a smooth closed subvariety of codimension r . Let I denote the ideal
of definition of W in X and let E be the corresponding normal cone. Let E′ be a vector bundle
on W and let V be a closed subvariety of E′. Suppose that there exists a map ϕ : E → E′ of
bundles such that the dimension of support of TorOE′i (OV ,OE) < r for i > 0. Then, for any
coherent sheaf F on W , χOE′ (OV ,F) = χOE (Oϕ−1(V ),F). Moreover, if dimϕ−1(V ) r , then
χOE′ (OV ,OW) 0.
Proof. The proof follows from the above proposition and the fact that χOE (Oϕ−1(V ),OW) 0—
which is a consequence of Proposition 2.1 and a crucial point in the proof of Theorem 4(2.2)
which shows that (I/I2)∨ is generated by global sections (exact sequence (4) in the proof).
Recall that E = Spec(SymOW (I/I2)). 
3.
3.1. In this section, our main focus is on X˜. Notations are as in 1.4. In the proof of our main
theorem we will use several results from [Fu]. In particular we would like to state the following
results (without proof) from Chapters 3 and 12 in [Fu].
Proposition 1. (See Proposition 3.3 in [Fu].) Let E be a vector bundle of rank r on an al-
gebraic scheme X, π : E → X the projection, s = sE denote the 0-section of this bundle.
Let β ∈ AkE, and let β¯ be any element of Ak(P(E ⊕ 1)) which restricts to β in AkE. Then
s∗(β)(= (π∗)−1(β)) = q∗(cr (ξ)∩ β¯) where q is the projection from P(E ⊕ 1) to X and ξ is the
universal rank r quotient bundle of q∗(E ⊕ 1).
Proposition 2. (See part (a) of Theorem 12.1 in [Fu].) Let E be a vector bundle of rank r on
a scheme X, π : E → X the projection, sE : X → E the 0-section. Let V be a k-dimensional
subvariety of E, k  r . If E is generated by sections, then s∗E[V ] ∈ Ak−r (X).
We will also use a deeper aspect of De Jong’s theorem on regular alteration i.e., regular alter-
ation of a pair (Z,Z0) by which we mean that the inverse image of Z0 in a regular alteration of Z
is a non-reduced strict normal crossing divisor. This plays a crucial role in our proof of part (iii)
of Theorem 5.
Let us remind the reader of our set-up (described in the introduction). X˜ = blow-up of X
at s = [m], Y˜ , Z˜ two closed subvarieties of X˜ such that Y˜ ∩ Z˜ ⊂ E = Pn−1K (the fiber over s)
in X˜. Let Z′ be a regular alteration of Z˜. Then Z′ has a closed immersion in PN
X˜
= X′
for some N > 0. Let π : X′ → X˜ be the projection and let Y ′ = π−1(Y˜ ). Let I denote the
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V = Spec(⊕t0 I tOY ′/I t+1OY ′). Let E1, . . . ,Ed ; V1, . . . , Ve and W1, . . . ,Wd denote the com-
ponents of Es (fiber over s), V and Z′s respectively. Write Eij to denote the restriction of E to
Wi ∩Wj .
Theorem 5. Let (R,m,K) denote a regular local ring of dimension n essentially of finite type
over a field k or an excellent discrete valuation ring (V ,p). Assume k to be perfect. Write X =
SpecR. Let X˜ denote the blow-up of X at {m}, E = the exceptional divisor at {m}. Let Y˜ and Z˜
be closed subvarieties of X˜ such that Y˜ ∩ Z˜ ⊂ E and dim Y˜ + dim Z˜  dim X˜. Then
(i) if dim Y˜ + dim Z˜ < dim X˜ or Y˜ ∩ Z˜ = φ, χOX˜ (O
Y˜
,O
Z˜
) = 0.
(ii) If Y˜ , Z˜ are the blow-ups of Spec(R/P ), Spec(R/q) respectively with (R/(P + q)) < ∞,
dimR/P + dimR/q = dimR and dimG(R/P )⊗G(R/q) 1, then χOX˜ (O
Y˜
,O
Z˜
) 0.
(iii) There exists sub-bundles Fαβ of rank (r − 1) of Eαβ , 1  α, β  d , such that if any Vi is
contained in any Fαβ , then χOE (OVi ,OZ′s ) 0.
Proof. Since R is regular local, X˜ is a regular scheme and Y˜ ∩ Z˜ ⊂ E = Pn−1K . Let EZ˜ = Z˜ ∩ E
and let β : E ↪→ X˜. If Y˜ ⊂ E and Z˜ ⊂ E , then χOX˜ (O
Y˜
,O
Z˜
) = χOE (β∗(O
Y˜
),O
Z˜
) and the
required result follows by Corollary 2, Theorem 1. If both Y˜ and Z˜ are contained in E and
dim Y˜ + dim Z˜ < n, then by a spectral sequence argument, we have
χOX˜ (O
Y˜
,O
Z˜
) = χOE (O
Y˜
,O
Z˜
)− χOE (O
Y˜
(1),O
Z˜
)= 0,
by Corollary 2, Theorem 1(1.2).
Let π ′ : Z′ → Z˜ be a regular alteration [J, Theorem 4.1, Theorem 8-2]. We can assume
Z′ ↪→ Proj(O
Z˜
[U1, . . . ,UN+1]) and hence Z′ ↪→ X′ = Proj(OX˜[U1, . . . ,UN+1]) is a closed
imbedding such that the diagram
Z′
π ′
X′
π
Z˜ X˜
commutes. Since X′ and Z′ are both regular schemes, Z′ is a local complete intersection in X′
of codimension r say. Let I denote the ideal of definition of Z′ in X′. Then I is locally defined
by a regular sequence of length r .
Let Y ′ = π−1(Y˜ ). Since X′ → X˜ is flat of relative dimension N , dimY ′ = dim Y˜ + N . Note
that dimZ′ = dim Z˜ by construction. Hence dimY ′ + dimZ′  dimX′; equality holds if and
only if dim Y˜ + dim Z˜ = dim X˜. Since π is proper, by pulling back a locally free O
X˜
-resolution
of O
Y˜
via π , we obtain, by projection formula,
χOX′ (OY ′ ,OZ′) = χOX˜ (OY˜ , π∗OZ′)+
∑
(−1)iχOZ˜ (O
Y˜
,Riπ∗OZ′
)
. (1)i1
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support of Riπ∗OZ′ < dim support of OZ˜ , by induction on dimension, it is enough to prove the
theorem for χOX′ (OY ′ ,OZ′).
Let E = Spec(OX′/I ⊕ I/I2 ⊕ · · ·). Then E is a vector bundle of rank r over Z′. Write
W = Z′ and let w : W → E be the zero-section. Let V = Spec(OY ′/IOY ′ ⊕IOY ′/I2OY ′ ⊕ · · ·).
Then dimE = dimW + r = dimX′ and dimV = dimY ′. By a spectral sequence argument due
to Serre and its extension to schemes due to Gabber, we have
χOX′ (OY ′ ,OZ′) = χOE (OV ,OW). (2)
Note that, since Y˜ ∩ Z˜ ⊂ E , ∃t > 0, such that mtOV = 0. Hence by considering a filtration
OV ⊃ mOV ⊃ · · · ⊃ mt−1OV ⊃ 0, we can replace OV by G such that m · G = 0.
Let s denote the closed point of X. Let X′s , Es and Ws denote the fibers of X′, E and W over
s respectively. Let W1, . . . ,Wd be the irreducible components of Ws . Let Ei be the restriction of
Es to Wi . Then E1, . . . ,Ed are the irreducible components of Es . By induction on dimension,
we can replace G by an irreducible component Vi of the support of G, contained in Ei for some i,
1 i  d . We have:
χOE (OVi ,OW) = χOEs (OVi ,OWs ) = χOEi (OWi ,OVi ). (3)
If dim Y˜ + dim Z˜ < dim X˜, then dimV < r = rank of E; hence dimVi < r = rank of Ei .
Thus, by Proposition 2.2, we have χOX˜ (O
Y˜
,O
Z˜
) = 0 in this case. This proof also shows that for
any proper closed subscheme Y of X′ such that dimY + dimZ′ < dimX′ and Y ∩Z′ ⊂ X′s , we
have χOX′ (OY ,OZ′) = 0.
(ii) If dimG(R/P ) ⊗ G(R/q) = 0, then Y˜ ∩ Z˜ = φ. Hence, by (i), χOX˜ (O
Y˜
,O
Z˜
) = 0. If
dimG(R/P )⊗G(R/q) = 1, then Y˜ ∩ Z˜ is a finite set of closed points in X˜, say α1, . . . , αt . Then
χOX˜ (O
Y˜
,O
Z˜
) =∑ti=1 χOX˜,αi (OY˜ ,αi ,OZ˜,αi ) 0, by non-negativity part of Serre’s Conjecture
due to Gabber.
(iii) For part (iii), note that we can construct π ′ : W = Z′ → Z˜ in such a way that Ws =
π ′−1(E
Z˜
) is a non-reduced strict normal crossing divisor in Z′, i.e., the reduced part of Ws is
a strict normal crossing divisor. Then, for any non-empty subset of α ⊂ {1, . . . , d}, the closed
subscheme Wα =⋂i∈α Wi is a regular subscheme of codimension # α in W . Since K is perfect,
Wα is smooth and consequently Ei ’s are also the same.
Suppose that V1 ⊂ E12. Write W12 = W1 ∩W2. Then, from (3),
χOE1 (OV1,OW1) = χOE12 (OV1 ,OW12). (4)
Consider the inclusion α12 : W12 ↪→ W . Then E12 = α∗12E. Let J1 denote the ideal of de-
finition of W1 in X′; then J¯1 = J/mOX′ is the ideal of definition of W1 in X′s . Note that
I + mOX′ ⊂ J1. Let E′1 denote the normal bundle to the inclusion W1 ↪→ X′s and E′12 be the
restriction of E′1 to W12. Since X′s = Pn−1K × PNK , TX′s/K is generated by global sections. Since
W1 is a smooth closed subvariety of X′s , E′1 is generated by global sections and hence so is E′12.
Let J12 denote the ideal of definition of W12 in X′. Then the natural map
ψ : I/IJ12 → J1/(J1J12 +mOX′) (5)
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′
12 =
Spec(SymOW12 (J1/(J1J12 +mOX′))).
We would like to consider ψ , ϕ locally.
Local Picture (in a small affine neighborhood in X′ of a closed point in W1). Let x be a lo-
cal equation of E(E
Z˜
) in an affine open set of X˜(Z˜). Let A′ be a regular domain such that
X′ = SpecA′ and X′s = Spec(A′/xA′). Write A¯ = A′/xA′. Let Γ (SpecA′,I) = I , where I
is generated by an A′-sequence of length r ; then W = Spec(A′/I). Note that A′/xA′, A′/I are
both regular and if I = (a1, . . . , ar ) then {a¯β = Im(aβ) in A¯}, 1 β  r , is an A¯-sequence. Write
A˜ = A′/I and x˜ = im(x) in A˜. Since Ws is a strict normal crossing divisor in W , ∃t1, . . . , td in
A such that
x˜ = t˜ n11 t˜ n22 · · · t˜
nj
j , ni  1, 1 i  j, j  d, (6)
in A˜, where t˜i = im(ti) in A˜ and A˜/(t˜1, . . . , t˜i ) is a regular ring of codimension i in A˜.
Here W = Spec(A˜), Ws = Spec(A˜/xA˜) and Wi = Spec(A˜/tiA˜). Let a = tn22 · · · t
nj
j . We have
E = Spec(Sym
A˜
(I/I 2)), Es = Spec(A˜/xA˜ ⊗A˜ SymA˜(I/I 2)) = Spec(SymA˜/xA˜(I/(I 2 + xI)))
and E1 = Spec(A˜/t1A˜ ⊗A˜/xA˜ SymA˜/xA˜(I/I 2 + xI)) = Spec(SymA˜/t1A˜(I/(I 2 + t1I ))). Note
that Wi = Spec(A˜/t˜i A˜) = Spec(A′/(I, ti)) = Spec(A¯/(I¯ , t¯i )), where I¯ = im(I ) in A¯, t¯i = Im(ti)
in A¯. Since A′/(I, t1) (A¯/(I¯ , t¯1)) is regular of codimension r + 1(r) in A′(A¯) and A¯ is regular,
x is a minimal generator of (I, t1) and its image is part of a basis of (I, t1)/(I, t1)2. This implies,
by (6), that x − atn11 = Σχβaβ , 1 β  r , where one of the λβ is a unit (we may have to shrink
SpecA′ a bit to achieve this). Thus, without any loss of generality, can assume that
x − atn11 = aβ for some β, 1 β  r. We fix this β. (7)
Now we consider ψ in (5) locally.
ψ : I/
(
I 2 + (t1, t2)I
)→ (I, t1)
(I, t1)(I, t1, t2)+ (x) ,
ψ(Imaj ) = Imaj , j = β,
ψ(Imaβ) = Imaβ = im
(
x − atn11
)= 0;
ψ˜ :A/
(
I + (t1, t2)
)[X1, . . .Xr ] → A/(I + (t1, t2))[Y1, . . . Yr ],
ψ˜(Xi) = Yi, 1 i  r − 1,
ψ˜(Xr) = 0,
Ker ψ˜ = (Xr). (8)
Now we would like to prove the following claims.
Claim 1. The collection of {Imaβ} in I/(I 2 + (t1, t2)I ) defines an effective Cartier divisor D
on E12. Moreover, the support of D is a locally trivial bundle F12 of rank (r − 1) on W12.
The proof of this claim follows easily from (8).
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the regular alteration map: π ′ : Z′ → Z˜.
Proof of the claim. The proof follows from local considerations. Suppose that m, the maximal
ideal of R is generated by x1, . . . , xn. Let D+(xi) denote the standard affine open sets of X˜(Z˜)
and let D+(x¯i) denote the standard affine open sets of E = P(EZ˜). Let Q be a closed point in
π ′−1(D+(x¯i)∩D+(x¯j )). As in (6), in a small affine neighborhood of Q in W , we have
x˜i = t˜ n11 · · · t˜ n and x˜j = s˜r11 · · · s˜rhh ,  d,h d. (9)
In Γ (D+(xixj ),OX˜), xj = (xj /xi)xi where xj /xi is a unit. Similar equations hold in
Γ (D+(x¯i x¯j ),OP). Thus from (9) we have
t˜
n1
1 · · · t˜ n = (x˜i/x˜j )s˜r11 · s˜rhh .
Since W is regular, we have  = h, nμ = rμ, 1 ⊆ μ  , and there exist units αμ such that
tμ − αμβμ ∈ I for 1 μ . Since xi = tn11 · · · tnll + aβi and xj = sn11 · · · snll + aβj (7), we have
(xj /xi)aβi − aβj ∈ (I 2, (t1, t2)I ). Hence (x¯j /x¯i) Imaβi = Imaβj in I/(I 2, (t1, t2)I ).
Thus L12 = π ′ ∗(OP(1)).
Another proof of the above claim, when R is ramified, can be obtained by using module of
differentials and the exact sequence (1) in the proof of Theorem 4.
Since E′12 is generated by global sections, it follows from claim 1 that F12 is also generated
by global sections.
Assume that V1 ⊂ F12.
Let i denote the natural inclusions for both F12 ↪→ E12 and P(F12 ⊕1) ↪→ P(E12 ⊕1). Denote
by ξ12 the universal quotient bundle of rank r of q∗12(E∨12 ⊕ 1), where q12 : P(E12 ⊕ 1) → W12
is the projection map. Let q = q12|P(F12⊕1) and ξ = the universal quotient bundle of rank (r − 1)
on P(F12 ⊕ 1). This set-up leads to the following exact sequence
0 → ξ → i∗(ξ12) → q∗
(L∨12)→ 0. (10)
We have
χOE12 (OV1,OW12) =
∫
cr(ξ12)∩ [V¯1]
(
part (iv), Proposition 2.2)
=
∫
c1
(
q∗
(L∨12))cγ−1(ξ)∩ [V¯ ] (exact sequence (10))
=
∫
c1
(L∨12)∩ δ, where δ = q∗[cγ−1(ξ)∩ V¯1].
Since F12 is generated by global sections, by Proposition 2 of this section, δ = s∗(V1) ∈
A

1 (W12). Since π
′∗[c1(L∨12) ∩ δ] = c1(OP(−1)) ∩ π ′∗δ, we have
∫
c1(L∨12) ∩ δ  0. Thus
χOE12 (OV ,OW12) 0 and the proof of our theorem is complete. 
Corollary 1. Let R be a regular local ring of essentially finite type over a field or over a discrete
valuation ring whose field of fractions is global and let M,N be two finitely generated R-modules
1552 S.P. Dutta / Journal of Algebra 319 (2008) 1530–1554such that (M ⊗R N) < ∞. Suppose that dimM + dimN = dimR and dimG(M)⊗G(N) < 2.
Then χ(M,N) em(M)em(N).
Corollary 2. R as above. Then vanishing part of Serre’s Conjecture is valid for R.
Both corollaries follow from Theorem 2 and the above theorem.
Remarks.
(1) It follows from Claim 2 in the above theorem that there exists a locally free OW12 -module
D∨ of rank 1 such that D∨ = π ′ ∗(OP(1)) and
o →D∨ → I/IJ12 → β → 0 (11)
is exact and locally split.
This leads to the following locally split exact seqn
0 → β∨ → (I/IJ12)∨ →D→ 0.
Since D is not generated by global sections (unless trivial!), (I/IJ )∨ cannot be generated
by global sections. This implies that HomOW (I/I 2,OWs ) is not generated by global sec-
tions (proof of Theorem 4). Thus Gabber’s technique fails for X˜ even when none of Y˜ , Z˜ is
contained in the exceptional divisor (Remark 2 at the end of Theorem 3).
(2) In the equicharacteristic case Serre proved that χ(M,N)  em(M)em(N) [S1, Theorem 1,
Chapter V]. Hence, in such a case, in general, all the components V1, . . . , Ve of V cannot be
contained in Fα,β ’s.
(3) Part (iii) of Theorem 5 demonstrates the possibility of non-positive intersection multiplic-
ity for certain component of a subcone of a bundle originating from the blow-up situation.
However, we have already shown in Corollary 2, Theorem 2, that χOX˜ (O
Y˜
,O
Z˜
) 0 in the
equicharacteristic case, where Y˜ = blow-up of Spec(R/P ) and Z˜ = blow-up of Spec(R/q),
by using Serre’s Theorem on intersection multiplicity. Now we would like to present an
independent proof of this result. Our proof is inspired by Chapter 12 in [Fu].
Proof. Let Δ : X → X × X (X = SpecR) and Δ˜ : X˜ → X˜ × X˜ be the diagonal maps. Write
M = X˜ × X˜. Let I denote the kernel of Δ∗ : R ⊗k R → R. The normal bundle for Δ˜ is ΩX˜/k
and its dual sheaf T
X˜/k
is not generated by global sections. By diagonalization argument [S1]
χOX˜ (O
Y˜
,O
Z˜
) = χOM (O
Y˜×Z˜,OX˜). (1)
Blow-up M at E × E—denote this blow-up by B and let η : B → M be the projection. Then
the blow-up of Y˜ × Z˜ at (E × E) ∩ (Y˜ × Z˜) is η−1(Y˜ × Z˜)—denote it by N . Since blow-up of
X˜ at E = (E × E)∩ X˜ is X˜, X˜ imbeds into B and this imbedding is regular. Denote it by h. Then
χOM (O
Y˜×Z˜,OX˜) = χOB (ON,OX˜). (2)
Let π : X˜ → X be the projection. It can be shown by local considerations that the normal bundle
F for the imbedding h is isomorphic to π∗(I/I 2) ⊗ O(−E). Hence F is generated by global
sections.
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χOB (ON,OX˜) = χOF (OC,OX˜). (3)
The right-hand side of (3) is non-negative by Proposition 2.1. 
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